
Expectation.

Defin. Fo a discrete r.v. Y w/ support Sy < IR
and puf Ry,

we define its

expectation/expected value/mean as

E[] : = Ziy - py(y) If the sum exists.
yeSy

St . Petersburg Paradox

Example . Bernoulli . YvB(p)
E [Y] - ?

-nS1 w/ prob . p
O w/ prob . q: = 1-p

E[Y] = 1 .p + 0. (1-p) =RX

Theorem . Let Y, and Y be two rus on the same -,
both w/ finite expectations.

Let X and B be two constants.

Then
,

#[d -Y+ B ·%] also exists
,
and

近[αY、+βY2] - αE[Y.]+BE[と]

Linearity of Expectationn.



Example . Binomial . Yub (n ,pl
E [Y] - ?

Start w/Ij ~B(p) , j = 1 ... n , independent
Y- I

1
+ I
2
+ … + In

#[Y] = #[In +...+ [n] linearity of E

= □ [I
,
] ← … + E[In]

= P
t …1

p
=

np

E [YJ -mp

Example . Geometric . Yug(p) Differentiate
□[Y] = ? Powe Series.

IdeaKI .E[Y ] 臨 K-pe(k )品kgo-p - pq” ,kgR-
Idea12
.k :Pr = p + 2 pz + 3pz+ k..

-

R +

+ pz + pz +

+ P3 + Pz + R3
: : :

+ Pr +Rk
+ Rk +.... + pk

:

+P[Y20]+P[<}+ … + P [Y>K- 1]←…



#[Y] =P[Y >K] Tail Formula for Expectation .

In the geometric case :

E [Y] = 感感P[と>K] - 1P[Y70] + P[、s>I ] + …

= 9 tqe . … + gk…

=

q ( ltg + … + gK- + … )
-

q ilq : §

Variance .

Defin . The variance of a random variable Y is
defined as

VarI] : = E/cy-Ely](2] if "finite
"

The standard deviation of Y in defined as

SDIY] =FarEs]
Formula. VarEy] = Ely2] -(EEY]]

> . Myi= E[Y]

Var[Y] = ELCY-M.,)2]

- E[Y
?
- 2、と M、y

+M、e ]



linearity of

VarI=E[2] - 2 MyE + Mis
- E[Y2] -2µ+ M .E

= E[Y2 ] - Tuc

Example . Bernoulli . YvB(p)
Var[-] = EEs]-(E[ Y])

?

と ~ { 6 ‰ 写 →=ECYJ -(E[Y2
]
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Var[] = pq
Y
㎡
。 Y


