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1.1. Formulas. If Y has the binomial distribution with parameters n and p, then py (k) = P[Y =
k] = (1)p"(1 —p)"*, for k=0,...,n, E[Y] = np, Var[Y] = np(1 — p). The binomial coefficients are

defined as follows for integers 0 < k < n, (Z) = ﬁlk)' The moment generating function of Y is

given by my (t) = (pe' + )"
If Y has a geometric distribution with parameter p, then py (k) = p(1 — p)¥ for k = 0,1,...,

E[Y] = 1]'%’7, Var[Y] = 1;—2”. Its mgf is my (t) = I—I;et for t such that ge® < 1.

If Y has a Poisson distribution with parameter A, then py (k) = 67/\% for k =0,1,..., E[Y] =
Var[Y] = \. Tts mgf is my (t) = M ~1).

If Y has a uniform distribution on [l, 7], its density is
1
fr(y) =

r—1
its mean is HTT, and its variance is (TIQN. Let U ~ U(0,1). The mgf of U is my(t) = (e’ — 1).

If Y has the standard normal distribution, then its mean is zero, its variance is one, and its density
equals

100 (1Y),

t2
Its mgf is my (t) = e2.

If Y has the exponential distribution with parameter 7, then its cumulative distribution function

y
is Fy(y) = 1 —e 7 for y > 0, its probability density function is fy(y) = %e—y/T for y > 0. Also,
E[Y] = SD[Y] = 7. Tts mgf is my (t) = 1=

1—7t°
The mgf of Y ~ I'(k,7) is

1

Its expectation is k7 and its variance is k72. The y?—distribution with n degrees of freedom is the
special case I’ (%, 2)



1.2. DEFINITIONS.
Problem 1.1. Write down the definition of the independence of two events E and F.

Solution: Two events E and F' are said to be independent if

P[E N F] = P[E]P[F].

Problem 1.2. Write down the definition of the cumulative distribution function of a random
variable Y.

Solution:

Fy(z) =P}Y <z| forxzeR.

Problem 1.3. Let Y be a continuous random variable with the probability density function denoted
by fy. Let g be a function taking real values such that ¢g(Y") is well defined. How is E[g(Y")] evaluated
using fy, if it exists?

Solution: We have that

if the above integral is absolutely convergent.

1.3. TRUE/FALSE QUESTIONS.

Problem 1.4. (5 points)The pdf (probability density function) of the random variable Y is fy (y) =
cexp(—2y) for y > 0 and f(y) = 0 for y < 0. The constant c¢ is 2. True or false? Why?

Solution: TRUE
We can recognize Y as exponential with mean 7 = % Also, we have 1 = fooo ce 2 dy = ¢ x %
Problem 1.5. Let Y ~ b(n,p). Then, E[Y] > Var[Y]. True or false? Why?

Solution: TRUE
We have

E[Y] =np = np(1 — p) = Var[Y]

Problem 1.6. (5 points) Let Y be a random variable with mean p = 1 and standard deviation equal
to o = 4. Then, E[Y?] = 5. True or false? Why?

Solution: FALSE

E[X?) = Var[X] + (E[X])? = 16 4+ 1% = 17.
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Problem 1.7. (5 points) Let Y be a continuous random variable. Then, P[Y = y] = 0 for every
y € R. True or false? Why?

Solution: TRUE
For every y, we have that, in our usual notation,

Py =y =Py <V <yl = [ Frl)du=0
Yy

1.4. Free-response problems.

Please, explain carefully all your statements and assumptions. Numerical results or single-word
answers without an explanation (even if they’re correct) are worth 0 points.

Problem 1.8. (10 points) Assume that the time 7" until the arrival of the bus at the bus stop
is exponential with mean 5. You have been waiting at the bus stop for 3 minutes. What is the
probability that your total waiting time will exceed 7 minutes? Note: You can leave your response
in the form that uses the exponential function, but you must simplify it as much as possible!

Solution: By the memoryless property, the probability equals
4
PT >4 =¢e5.

Problem 1.9. (15 points) Let Y ~ b(n,p) such that its mean equals 8 and its variance equals 1.6.
What is the probability of exactly 3 successes? Note: Leave your answer in the form of a fraction
containing only integers without any binomial coefficients.

Solution: We are given that
EY]=np=8 and Var[Y]=np(l—p) =16 = 1-p=02 = p=08 = n=10.
So,

10
3

10-9-8 4%  120-4° 24.43

P[Y = 3] = < 3! 510 —  glo 59

)(0.8)3(0.2)7 =
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Problem 1.10. A die is rolled 5 times; let the obtained numbers be given by Y7,...,Y5. Use counting
to compute the probability that

(1) all Y1,...,Ys are even?
(2) at most 4 of Y7,...,Y; are odd?
(3) the values of Y7,...,Ys are all different from each other?

Solution: There are There are 6° different (equally likely) outcomes of 5 rolls of a die. We need to
find the number of those 5-tuples of rolls that correspond to the situation described in each question,
and simply divide by 6°.

(1) The number of 5-tuples of rolls where each outcome is even is 3%, because each roll can come
up an even number in three ways, namely 2, 4 or 6. Therefore, The answer is
3% _ (1\5 _ 1
¢ =0) =5
(2) We have seen above that the number of 5-tuples of rolls where all values are even is 3°.
Therefore, the number of 5-tuples where at most 4 are even is 6° — 3°, and the required
probability is

65-3% _ 31
65 — 32°

(3) Exactly 6 x 5 x 4 x 3 x 2 = 6! 5-tuples have all numbers different. Therefore, the required

Tito ie 6L _ 5
probability is g5 = ;.

Problem 1.11. Source: ”Probability” by Jim Pitman.

Consider a set-up in which a transmitter is transmitting either a 0 or a 1 and the receiver indicates
that it received either a 0 or a 1. Denote the events that ¢+ = 0, 1 was transmitted by 7;, and the events
that ¢ = 0,1 was indicated as received by R;.

It is possible to have transmission errors. In fact, you are given the following data on accuracy and
the frequency of transmitted signals:

PRy | Ty) = 0.99, P[Ry|T}] = 0.98,

and
P[To] = 0.75.
(a) Given that the receiver indicated 1, what is the probability that there was an error in the

transmission?
(b) What is the overall probability that there was an error in transmission?

Solution:
(1) We need P[Tp|R1]. By the Bayes formula,

P[R:|To]P[To)
P[Rl ’T()}P[To] -+ P[Rl ’TﬂP[Tl]
(1 —0.99) x 0.75
(1-— 0.99) x 0.75 4 0.98 x 0.25
3
= To1-

P[To| 1] =




(2) An error will happen if Ty N Ry or T1 N Ry occur, i.e.,
Plerror] = P[Ty N R1] + P[Th N Ro|
= P[R1|To] x P[To] + P[Ro[T1] x P[T1]
= (1 = P[Ro|To]) x P[Tp]
+ (1 = P[R1|T1]) x (1 = P[To))
= 0.01 x 0.75 4+ 0.02 x 0.25

- L
T80

Problem 1.12. Source: Sample P Exam, Problem #483.
A doctor tests 100 patients for two diseases, A and B. Each patient has probability p of having disease
A and probability p of having disease B, with 0 < p < %

For each patient, the event of having disease A and the event of having disease B are independent.
The test outcomes for different patients are mutually independent.

The variance of the number of patients who have disease A is 9.

Calculate the variance of the number of patients who have at least one of the two diseases.

Solution: Let Y4 be the number of people who have disease A and let Yp be the number of people
who have disease B. We are given that they are both 5(100, p).
For disease A, we are also given

Var[Y] =100p(1 —p) =9 = p=0.1

since we know that 0 < p < 0.5. So, the probability that a single patient has neither of the two
diseases is 0.9 - 0.9 = 0.81. Hence, the probability that a single patient has at lease one of the two
diseases is 1 — 0.81 = 0.19. The variance of the number of people who have at least one disease is

100(0.81)(0.19) = 15.39.

Problem 1.13. Source: Sample P exam, Problem #29.
An actuary has discovered that policyholders are three times as likely to file two claims as to file four
claims. The number of claims filed has a Poisson distribution.

Calculate the variance of the number of claims filed.

Solution: Let N denote the number of claims. We are given that N ~ P(\). Also,
22 A
A —3emr

2 _ _
or = 1 = AN=4 = =2

p2=3ps = e

We now know that Var[N] = A = 2.

Problem 1.14. Source: Sample P exam, Problem #/42.
Let Y be a random variable that is uniform on [a, b]. The probability that Y is greater than 8 is 0.60.
The probability that Y is greater than 11 is 0.20.

Calculate the variance of Y.

Solution: We are given the two probabilities that imply that the probability that ¥ lands between
8 and 11 is 0.4. So,
11-8 2 15

b—a 5 T




Finally, the variance is
(5)* 225

12 48

Problem 1.15. A random variable Y has the normal distribution with mean 6 Its 0.8—quantile is 8.
What is its standard deviation?

Solution: Since Y ~ N(u = 6,0), we know that Y can be expressed as
Y=p+oZz
where Z is standard normal. We are also given that
PlY <8 =0.8.
So,
Pl6+Zo <8 =08 = PZo<2/=08 = P[Z<2]=038.
Using the standard normal tables, we see that

2 1 1
— =0.841 — =042 = .
. 0.8416 = . 0.4208 = o 0.4208

Problem 1.16. Source: Sample P exam, Problem #385.
A computer manufacturer collects data on how long it takes before its computers fail. The time to fail,
in years, follows an exponential distribution. T'wenty percent of its computers fail within two years.
The probability a randomly selected computer fails before time ¢*, in years, is 0.80.
Calculate t*.

Solution: Let T be the exponential failure time, i.e., T~ E(7). We are given that

2 2 1
PT<2=02 = 1-e7=02 = =08 = l:—iln(0.8) = T=-

T

2
In(0.8)°

We are looking for ¢* such that

Ll L 2In(0.2
PT<t]=08 = 1l-e =08 = e 1=02 «_ 2(0.2)
In(0.8)

1.5. MULTIPLE CHOICE QUESTIONS.

Problem 1.17. (5 pts) A biased coin for which Heads is twice as likely as Tails is tossed twice,
independently. If the outcomes are two consecutive Heads, Bertie gets a $15 reward; if the outcomes
are different, Bertie gets a $10 reward; if the outcomes are two consecutive Tails, Bertie has to pay
$5. What is the expected value of Bertie’s winnings?

(a) 75/9
(b) 80/9
(c) 85/9
(d) 95/9



(e) None of the above.

Solution: The correct answer is (d).
Since Heads is twice as likely as Tails, Heads appears with probability 2/3, while Tails appears with
probability 1/3.
Let X denote the amount Bertie wins. Then, X has the following distribution:
15, with probability 4/9,
X ~ ¢ 10, with probability 4/9,
—5, with probability 1/9.
4 4 1 9

E[X] = 5(15) + 5(10) + 5(—5) 9

Problem 1.18. (5 points) There are 10 green balls and 20 red balls in a box, well mixed together.
We pick a ball at random, and then roll a die. If the ball was green, we write down the outcome of
the die, but if the ball is red, we write down the number 3.

If the number 3 was written down, the probability that the ball was green is:
(a) 1/3
(b) 1/2
(c) 5/6
(d)1
(e) none of the above

Solution: The correct answer is (e).
Let R denote the event when the ball drawn was red, and G = R° the event corresponding to drawing
a green ball, so that P[R] = 2/3 and P[G] = 1/3. If X denotes the number written down, we have
P[X =3|G] =1/6 and P[X = 3|R] = 1.
Using Bayes formula,
P[X = 3|G] x P[G]
P[X = 3|G] x P[G] + P[X = 3|R] x P[R]
o 1/6x1/3 1
T 1/6x1/3+1x2/3 13

P[G|X = 3] =




