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UNIVERSITY OF TEXAS AT AUSTIN

Problem Set # 6

The Normal Approximation to the Binomial.

For Y ~ Binomial(n,p) we know that its probability mass function is:

py (k) = (Z)pk(l —p)"F fork=0,1,...,n

Moreover, its expectation and its variance are
EY]=np and Var[Y]=np(l-p).

Now, consider a sequence of binomial random variables Y,, ~ Binomial(n,\}?). Note that, while the
number of trials n varies, the probability of success in every trial p remains the same for all n. The normal
approximation to the binomial is a theorem which states that

Mg]\r()l

Practically, this means that s
n. The usual rule of thumb is that .
~ Another practical adjustment needs fo be made due to the lact that discrete distributions of Y, are
approximated by a continuous (normal) distribution. This adjustment is usually referred to as the continuity
correction. More specifically, provided that the conditions above are satisfied, for every integer a < b, we
have that

Pla<Y,<b=Pla—1<Y,<b+1i]

B a—%—np Y, —np b—l—%—np b—|—%—np 3 a—%—np
-F \/np(l—p)<\/np(l—p)<\/np(1—p)b>< np(l—p)> (I)( np(l—p)>

where @, as usual, stands for the cummulative distribution function of the standard normal distribution.
For more about the history of the theorem and ideas for its proof, go to: Wikipedia: de Moivre-Laplace.

Problem 6.1. A student takes an exam with 200 TRUE/FALSE questions. Shirley knows the correct
answer to exactly 100 questions. For the remaining questions, she guesses at random. The passing mark is
136 correct answers. Whatyis the (approximate) probability she passes the exam?

Yﬂ'\now\iﬂﬂ('\ﬂm,?':o.s)
Chack: np=n(4-p)=50>40 /
We seek: TPLY=26]=7
P[~»361- PLY>355]
ELY) == 90, Var(X)= n-p(k~p\=a5 => od[X)=5_
Plro5.51- P 2> 252 ] 5 4- D)

stondord normad tades: 4-0.00A9=0.99%4 O
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Using R : 0.99:%
Y % Norme® (mean=50 , 24+5)

P[X>%55] = 4-proem (255, mean= 50, s4-5)= 09981342

Just 50 )\-P\oinom (%, gize - {oo, on\o= 0.5) =0.9982442
O
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Problem 6.2. A (hypothetical) 13-sided die is thrown 169 times (each of the numbers 1,2, ..., 13 is equally
likely on each throw). Every time 5 or a larger number is obtained, the player wins a candy bar. What
is the probability that the player will receive at least 100 candy bars? (Use the normal approximation and
note that 169 = 13 x 13).

N ot candy lors oy
Y ~Binomial (n =469 ,pr B )
’?[Y >100)*°
“Plx G-
Chadce’ n_E-AGQ-— =mMi>r0 /
n(\-p)=469" 73 "’ 5.1)4(2 v
ELY])=13, Var[X]:= 4,6‘[ 3 .~ =3 =» wol¥l=6

4-promm (9.5, maan=A3, 2426)=0.9983% |
Just 0t |- Pbmom(qq e = 16Q, [rob: a/\3) = oqqasash-
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