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Problem 2.1. (5 points) Let the severity random variable X be modelled as exponential with
mean 1000. There is an insurance policy on this loss with the deductible of 400. What is the
expected value of the per-loss random variable under this policy?

Solution: The per-loss random variable is Y L = (X − 400)+. We have

E[Y L] = E[(X − 400)+] = E[X]− E[X ∧ 400].

Using the STAM tables, we obtain, with θ = 1000,

E[Y L] = θ − θ(1− e−
400
θ ) = θe−

400
θ = 1000e−

400
1000 = 1000e−

2
5 .

Problem 2.2. (5 points) You will replace your hair dryer at failure or in two years, whichever
occurs first. The dryer’s age at failure is a random variable T which is modelled as uniform
over the interval [0, 4]. What is the expected time at which the dryer is replaced?

Solution: The density of the random variable T is

fT (t) =

{
1
4

0 < x < 4

0 otherwise

We are calculating E[T ∧ 2] with T uniform over [0, 4]. We have

E[T ∧ 2] =

∫ 2

0

x

4
dx+ 2

(
1

2

)
=

[
x2

8

]2
x=0

+ 1 =
1

2
+ 1 = 3/2.

Problem 2.3. (10 points) Let X be the ground-up loss random variable. Assume that X has
the two-parameter Pareto distribution with mean 100 and variance 15, 000.

Let B denote the expected payment per loss on behalf of an insurer which wrote a policy
with an ordinary deductible of 500 and with no policy limit. How much is B?

Solution: Let X ∼ Pareto(α, θ). Then, according to our STAM tables,

E[X] =
θ

α− 1
and E[X2] =

2θ2

(α− 1)(α− 2)
=

θ

α− 1
· 2θ

α− 2
.

Using the mean given in the problem, we conclude that

E[X] =
θ

α− 1
= 100 ⇒ θ = 100(α− 1).(2.1)

On the other hand,

E[X2] = V ar[X] + (E[X])2 = 15000 + 1002 = 25000.

Combining the expression for the second moment of the Pareto with the mean given in the
problem and the value we obtained for the second raw moment, we get

100 · 2(100)(α− 1)

α− 2
= 25000 ⇒ 200(α− 1) = 250(α− 2) ⇒ α = 6.
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Reusing the expression in (2.1), we get θ = 100(6−1) = 500. Now, we consult the STAM tables
to obtain

E[X ∧ 500] =
θ

α− 1

[
1−

(
θ

500 + θ

)α−1
]
= 100

[
1−

(
500

500 + 500

)6−1
]

= 100

[
1−

(
1

2

)5
]
= 100

[
1− 1

32

]
= 100

(
31

32

)
= 96.875.

Finally,

E[Y L] = E[(X − 500)+] = 100− 96.875 = 3.125.

Problem 2.4. (5 points) Let the ground-up loss X be modeled by a two-parameter Pareto
distribution with parameters α = 2 and θ = 400. For an insurance policy on the above loss,
there is a franchise deductible of 200. Find the expected value of the per loss random variable.

Solution: The expected value of the per loss random variable in the franchise deductible
case is

E[Y L] = E[(X − d)+] + dSX(d) = E[X]− E[X ∧ d] + dSX(d).

In this problem, the ground-up loss is X ∼ Pareto(α = 2, θ = 400). So, using the STAM
tables, we have

SX(d) =

(
θ

d+ θ

)α

,

E[X] =
θ1 · 1!
α− 1

=
θ

α− 1
,

E[X ∧ d] =
θ

α− 1

(
1−

(
θ

d+ θ

)α−1
)

.

Thus,

E[Y L] =
θ

α− 1
− θ

α− 1

(
1−

(
θ

d+ θ

)α−1
)

+ d

(
θ

d+ θ

)α

=
θ

α− 1

(
θ

d+ θ

)α−1

+ d

(
θ

d+ θ

)α

=
400

2− 1

(
400

200 + 400

)2−1

+ 200

(
400

200 + 400

)2

= 400

(
2

3

)
+ 200

(
2

3

)2

= 355.556.
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Problem 2.5. (5 points) Losses in a particular year follow a two-parameter Pareto distribution
with parameters α = 4 and θ = 11.An insurance covers each loss subject to a deductible d = 20.
Calculate the loss elimination ratio for that year.

Solution: By definition, the loss elimination ratio is

E[X ∧ d]

E[X]
.

In our case, using the provided tables, we get

E[X ∧ d]

E[X]
=

θ
α−1

(1− ( θ
d+θ

)α−1)
θ

α−1

= 1−
(

θ

d+ θ

)α−1

= 1−
(

11

20 + 11

)4−1

= 1−
(
11

31

)3

≈ 0.9553.

Problem 2.6. (5 points) Let the ground-up loss X be exponentially distributed with mean
$400. An insurance policy has an ordinary deductible of $200 and the maximum amount payable
per loss of $2200. Find the expected value of the amount paid (by the insurance company) per
positive payment.

Solution: We are given X ∼ Exponential(θ = 400), the deductible d = 200 and the policy
limit u− d = 2200. We need to calculate E[Y P ] where Y P = Y L | , Y L > 0 and

Y L =

{
(X − d)+, X < u,

u− d, X ≥ u

= (X ∧ u− d)+.

By the memoryless property of the exponential distribution, we have that

Y = X − d |X > d

is also exponential with mean 400. So, using our STAM tables, we get

E[Y P ] = E[Y ∧ (u− d)] = E[Y ∧ 2200] = 400(1− e−2200/400) = 400(1− e−5.5) ≈ 398.3652914.

Problem 2.7. (15 points) Let the loss amounts X have the distribution function given by

FX(x) =


0, x < 0

x/100, 0 ≤ x ≤ 100

1, 100 < x.

An insurance policy has the following properties:
(i) there is an ordinary deductible of 20,
(ii) the maximum payment per loss that the insurer pays equals 60,
(iii) the insurance pays 80% of the amount of the loss in excess of the deductible and subject to
the above maximum payment.

Let Y P denote the per-payment random variable, i.e., the amount paid by the insurer given
that a payment was made. Find E[Y P ].
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Solution: Since this insurance pays α = 80% of the loss amount above the deductible d = 20
and up to the amount of 60, the maximum loss amount u for which there is a payment satisfies

α(u− d) = 60 ⇒ u = 95.

The expected value of the per-loss random variable is

α(E[X ∧ u]− E[X ∧ d]).

One can recognize X as a uniform random variable on (0, 100). For any a:

E[X ∧ a] =

∫ a

0

SX(x) dx =

∫ a

0

(1− x

100
) dx = a− a2

200
.

Hence,

α(E[X ∧ u]− E[X ∧ d]) = α(u− u2

200
− (d− d2

200
)) = α((u− d)− 1

200
(u2 − d2))

= α(u− d)(1− 1

200
(u+ d)) = 0.8 · 75

(
1− 115

200

)
= 0.8 · 75 · 85

200
=

51

2
= 25.5.

So, the per payment random variable has the expected value of

E[Y P ] =
25.5

0.8
= 31.875.

Problem 2.8. (10 points) LetN represent the number of customers arriving during the morning
hours and let N ′ represent the number of customers arriving during the afternoon hours at a
diner. You are given:

(i) N and N ′ are Poisson distributed.
(ii) The first moment of N is less than the first moment of N ′ by 8.
(iii) The second raw moment of N is 60% of the second raw moment of N ′.

Calculate the variance of N ′.

Solution: We are given that

N ∼ Poisson(λ) and N ′ ∼ Poisson(λ′).

Moreover,

λ = λ′ − 8 and λ+ λ2 = 0.6(λ′ + (λ′)2).

So,

λ+ λ2 = 0.6(λ+ 8 + (λ+ 8)2) ⇒ λ+ λ2 = 0.6(λ+ 8 + λ2 + 16λ+ 64)

⇒ λ+ λ2 = 0.6(λ2 + 17λ+ 72)

⇒ 0.4λ2 − 9.2λ− 43.2 = 0.

The only acceptable solution is λ = 27. So, V ar[N ′] = λ′ = 27 + 8 = 35.
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Problem 2.9. (5 points) The number of cars one sees passing by the local playground in an
afternoon is modeled using a Poisson distribution with mean 25. The proportion of black cars
in the stream is 1/5. The color of the cars is independent of the number of cars that drive by.
What is the probability that exactly 5 black cars and exactly 10 non-black cars drive by in a
particular afternoon?

Solution: Let N1 denote the number of black cars and let N2 denote the number of non-black
cars. By the thinning theorem,

N1 ∼ Poisson(λ1 = 5) and N2 ∼ Poisson(λ2 = 20)

with N1 and N2 independent. Hence, the probability we are looking for is

P[N1 = 5, N2 = 10] = P[N1 = 5]P[N2 = 10] =

(
e−5 · 5

5

5!

)(
e−20 · 20

10

10!

)
= 0.00102.

Problem 2.10. (5 points) The Clampetts conduct a geological study seeking sites for oil wells.
Past date indicate that each exploratory oil well should have a 20% chance of striking oil
independent of all other wells. The Clampetts are modest folk and they will stop the study
when they strike oil for the third time. What is the probability that they drill exactly ten
exploratory oil wells total before stopping the study?

Solution: This is a case where the negative binomial distribution is appropriate. The pa-
rameters r and β are chosen so that r counts the required number of successes 3 (i.e., the wells
where oil is struck) and β satisfies that 1

1+β
is the probability of success 20% = 1/5 (i.e., the

probability that oil is struck in an exploratory well). So, the total number of failures before the
3rd success in encountered is

N ∼ NegBinomial(r = 3, β = 4).

Since we are looking for the probability that the total number of exploratory wells is equal to
10, this means that we are looking for the probability that the number of failures is 7. Using
our STAM tables, we get

P[N = 7] =

(
9

2

)(
1

5

)3(
4

5

)7

=
36 · 47

510
= 0.060397978.

Problem 2.11. (5 points) Let the independent random variables X1, X2 and X3 all have the
following probability mass function:

pX1(0) = 1/4, pX1(1) = 1/2, pX1(2) = 1/4.

Let X = X1X2X3. What is the probability generating function of X?
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Solution: The random variable X has the following probability mass function:

pX(0) = 1−
(
3

4

)3

= 0.578125,

pX(1) =

(
1

2

)3

= 0.125,

pX(2) = 3

(
1

2

)2(
1

4

)
= 0.1875,

pX(4) = 3

(
1

2

)(
1

4

)2

= 0.09375,

pX(8) =

(
1

4

)3

= 0.015625.

So, the probability generating function of X equals

PX(s) = E[sX ] = 0.578125 + 0.125s+ 0.1875s2 + 0.09375s4 + 0.015625s8.

Problem 2.12. (10 points) Aggregate losses are modeled as follows:

(i) The number of losses has a Poisson distribution with mean 3.
(ii) The amount of each loss has a Burr distribution with parameters α = 3, θ = 2, and

γ = 1.
(iii) The number of losses and the amounts of the losses are mutually independent.

Calculate the variance of aggregate losses.

Solution: In our usual notation,

V ar[S] = E[N ]V ar[X] + V ar[N ](E[X])2.

Since the frequency is Poisson(λ), we have

V ar[S] = λV ar[X] + λ(E[X])2 = λE[X2].

Using the STAM tables, we obtain

E[X2] =
θ2Γ(1 + 2

γ
)Γ(α− 2

γ
)

Γ(α)
=

22Γ(1 + 2)Γ(3− 2)

Γ(3)
=

22Γ(3)Γ(1)

Γ(3)
= 4.

Finally,

V ar[S] = 3× 4 = 12.

Problem 2.13. (15 pts) We are using the aggregate loss model and our usual notation. The
frequency random variable N is assumed to be Poisson distributed with mean equal to 2. The
severity random variable is assumed to have the following probability mass function:

pX(100) = 3/5, pX(200) = 3/10, pX(300) = 1/10.
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Find the probability that the total aggregate loss exactly equals 300.

Solution: If we focus on the event that {S = 300}, we know that the number of losses must
be 1, 2 or 3.

P[S = 300] = P[S = 300 |N = 1]P[N = 1] + P[S = 300 |N = 2]P[N = 2] + P[S = 300 |N = 3]P[N = 3]

= P[X1 = 300 |N = 1]P[N = 1] + P[X1 +X2 = 300 |N = 2]P[N = 2]

+ P[X1 +X2 +X3 = 300 |N = 3]P[N = 3]

= pX(300)pN(1) + 2pX(100)pX(200)pN(2) + (pX(100))
3pN(3)

=
1

10
(2)e−2 + 2

(
3

5

)(
3

10

)
e−2

(
22

2

)
+

(
3

5

)3

e−2

(
23

6

)
= 1.208e−2 = 0.163485.


