Parametric and structured models

The linear model is an important example of a parametric
model:

fL(X) = Bo+ B1X1 + BoXa+ ... Bp X,

e A linear model is specified in terms of p + 1 parameters
Bo, B - - - Bp-

e We estimate the parameters by fitting the model to
training data.

e Although it is almost never correct, a linear model often
serves as a good and interpretable approximation to the
unknown true function f(X).



A linear model f7(X) = By + f1X gives a reasonable fit here
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A quadratic model fQ(X) = By + 51X + B2 X2 fits slightly
better.
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Simulated example. Red points are simulated values for income
from the model

income = f(education,seniority) + ¢
f is the blue surface.
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Linear regression model fit to the simulated data.

~

fr(education, seniority) = ﬁ0+31 Xeducation—i—@ Xseniority
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More flexible regression model fs(education, seniority) fit to
the simulated data. Here we use a technique called a thin-plate
spline to fit a flexible surface. We control the roughness of the
fit (chapter 7).
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Even more flexible spline regression model
fs(education, seniority) fit to the simulated data. Here the

fitted model makes no errors on the training data! Also known

as overfitting.
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Some trade-offs

e Prediction accuracy versus interpretability.
— Linear models are easy to interpret; thin-plate splines
are not.
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e Good fit versus over-fit or under-fit.
— How do we know when the fit is just right?

e Parsimony versus black-box.
— We often prefer a simpler model involving fewer
variables over a black-box predictor involving them all.



Bias-Variance Trade-off

Suppose we have fit a model f(:z:) to some training data Tr, and
let (zg,y0) be a test observation drawn from the population. If
the true model is Y = f(X) + € (with f(z) = E(Y|X = z)),
then

N 2 N ~
E (yo — f(x0)> = Var(f(z0)) + [Bias(f(x0))]2 + Var(e).

The expectation averages over the variability of yy as well as

the variability in Tr. Note that Bias(f(x0))] = E[f(x0)] — f(20).
Typically as the flexibility of f increases, its variance increases,
and its bias decreases. So choosing the flexibility based on
average test error amounts to a bias-variance trade-off.



