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𝐹 −distribution.

Motivation.

Assume a normal population model with both parameters unknown.

Problem 3.1 : What is the unbiased estimator of the population variance?

Solution :

𝑆2 = 1
𝑛 − 1

∑
𝑛

𝑖=1
(𝑋𝑖 − 𝑋̄)2

Problem 3.2 : Find a pivotal quantity for 𝜎2.

Solution :

(𝑛 − 1)𝑆
2

𝜎2 = ∑
𝑛

𝑖=1
(𝑋𝑖 − 𝑋̄

𝜎
)

2

∼ 𝜒2(𝑑𝑓 = 𝑛 − 1)

Problem 3.3 : When dealing with two independent normal samples with unknown parameters, in broad 

strokes, how would you test

𝐻0 : 𝜎1 = 𝜎2 against 𝐻𝑎 : 𝜎1 ≠ 𝜎2,

i.e., which test statistic would you choose?

Solution :  Note that

𝜎1 = 𝜎2 ⇔ 𝜎1
𝜎2

= 1.

It would be convenient to consider the test statistic 
𝑆2

1
𝑆2

2
.



Definition.

Definition 3.4 :  Let 𝑈  and 𝑉  be independent, chi-squared random variables with degrees of freedom 

𝜈1 and 𝜈2, respectively. Then, the random variable

𝐹 = 𝑈/𝜈1
𝑉 /𝜈2

is said to be F-distributed with 𝜈1 numerator and 𝜈2 denominator degrees of freedom.

We write

𝐹 ∼ 𝐹(𝜈1, 𝜈2) = 𝐹𝜈1,𝜈2
.

Application.

Theorem 3.5 :  Let two independent random samples of sizes 𝑛1 and 𝑛2 be drawn from two normal 

populations with variances 𝜎2
1  and 𝜎2

2 , respectively. Denoting their respective sample variances by 𝑆2
1  and 

𝑆2
2 , we have

𝐹 = 𝑆2
1/𝜎2

1
𝑆2

2/𝜎2
2

∼ 𝐹𝑛1−1,𝑛2−1 .

Corollary 3.6 :  If 𝜎1 = 𝜎2, then

𝐹 = 𝑆2
1

𝑆2
2

∼ 𝐹𝑛1−1,𝑛2−1 .
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