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FROM LINEAR ALGEBRA TOWARDS MULTIPLE LINEAR REGRESSION.

PrROBLEM 2.1: Defining a hyperplane
InR3, a hyperplane is a 2-dimensional flat surface defined by an equation of the form

a1%1 + ayTy + azT53 =b

Write the equation of the hyperplane through the point (1,2, 3) with normal vector a = (2,—1,4).

SoLuTioN: We substitute the point intoa - * = b, to get
2(1)—1(2)+4(3)=2—-2+12=12
So the hyperplane is
20, — 29 +4x5 =12

PROBLEM 2.2: Normal vector and orientation
For the hyperplane 3z, + 4x4 — 5x5 = 10, identify the normal vector, and determine whether the point
(2,1,0) lies on the hyperplane, above it, or below it (i.e., compute a - x — b and interpret its sign).

SoLuTION: The normal vectorisa = (3,4,—5). At (2,1,0):
3(2) +4(1) — 5(0) = 10
soa - x — b = 0 — the point lies exactly on the hyperplane.

PrROBLEM 2.3: From a geometric hyperplane to a linear function
A hyperplane in R™ can be written as the graph of a function

z, =B+ BTy + -+ B 1Ty

by solving a - = b for the last coordinate. Rewrite the hyperplane 2z, — 3z, + x5 = 6 (inR?) in the form
x3 = By + P12y + Byxy, and identify By, By, Bs.

SoLuUTION:

so By =6, B; = —2, By = 3. This is exactly the shape of a regression equation, i.e., one variable expressed
as an affine combination of the others.



PROBLEM 2.4: Relabeling as a regression model

Suppose we now treat x5 from the previous problem as a response variable y, and x|,z as predictors, but
real data won'’t lie exactly on a hyperplane. Write the multiple linear regression model for one observation i,
using coefficients 3, 5, B and an error term €;, based on that same structural form.

SoLUTION:
Yi = Bo + Bz + Bamin + ¢

Each observedy; is a point near — not on — the hyperplane By + 51z, + By in (x4, x4, y) space, displaced
vertically by €.

PrROBLEM 2.5: The regression hyperplane as a best fit
Given the model

Y = Bo + Bz + Bamin + ¢

forn observations, explain in matrix form how the hyperplane’s coefficients are chosen, and write the normal
equations that determine 3.

SOLUTION: Stack the data into y (n X 1), design matrix X (n x 3, with a leading column of 1’s for f3;),
and coefficient vector B (3 x 1), giving

y=XpB+e

Least squares chooses (3 to minimize |y — X 8|2, the sum of squared vertical distances from the data points
to the hyperplane. Setting the gradient to zero gives the normal equations:

XTXB=XTy
SO
B=(XTX) 'XTy

when XT X is invertible.
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