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From linear algebra towards multiple linear regression.

Problem 2.1 :  Defining a hyperplane

In ℝ3, a hyperplane is a 2-dimensional flat surface defined by an equation of the form

𝑎1𝑥1 + 𝑎2𝑥2 + 𝑎3𝑥3 = 𝑏

Write the equation of the hyperplane through the point (1, 2, 3) with normal vector 𝒂 = (2,−1, 4).



Problem 2.2 : Normal vector and orientation

For the hyperplane 3𝑥1 + 4𝑥2 − 5𝑥3 = 10, identify the normal vector, and determine whether the point 

(2, 1, 0) lies on the hyperplane, above it, or below it (i.e., compute 𝒂 ⋅ 𝒙 − 𝑏 and interpret its sign).



Problem 2.3 : From a geometric hyperplane to a linear function

A hyperplane in ℝ𝑛 can be written as the graph of a function

𝑥𝑛 = 𝛽0 + 𝛽1𝑥1 + ⋯ + 𝛽𝑛−1𝑥𝑛−1

by solving 𝒂 ⋅ 𝒙 = 𝑏 for the last coordinate. Rewrite the hyperplane 2𝑥1 − 3𝑥2 + 𝑥3 = 6 (in ℝ3) in the form 

𝑥3 = 𝛽0 + 𝛽1𝑥1 + 𝛽2𝑥2, and identify 𝛽0, 𝛽1, 𝛽2.



Problem 2.4 : Relabeling as a regression model

Suppose we now treat 𝑥3 from the previous problem as a response variable 𝑦, and 𝑥1, 𝑥2 as predictors, but 

real data won’t lie exactly on a hyperplane. Write the multiple linear regression model for one observation 𝑖, 

using coefficients 𝛽0, 𝛽1, 𝛽2 and an error term 𝜀𝑖, based on that same structural form.



Problem 2.5 : The regression hyperplane as a best fit

Given the model

𝑦𝑖 = 𝛽0 + 𝛽1𝑥𝑖1 + 𝛽2𝑥𝑖2 + 𝜀𝑖

for 𝑛 observations, explain in matrix form how the hyperplane’s coefficients are chosen, and write the normal 

equations that determine 𝛽.
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